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ABSTRACT

A structural criteria on polynomial systems is developed for
which the generalized Dixon formulation of multivariate re-
sultants defined by Kapur, Saxena and Yang (1994) com-
putes the resultant exactly. The concept of a Dixon-exact
support (the set of exponent vectors of terms appearing in
a polynomial system) is introduced so that the Dixon for-
mulation produces the exact resultant for generic unmixed
polynomial systems whose support is Dixon-exact. A geo-
metric operation, called direct-sum, on the supports is de-
fined that preserves the property of supports being Dixon-
exact. Generic n-degree systems and multigraded systems
are shown to be a special case of generic unmixed polyno-
mial systems whose support is Dixon-exact. Using a scaling
techniques discussed by Kapur and Saxena (1997), a wide
class of polynomial systems can be identified for which the
Dixon formulation produces exact resultants. This analy-
sis can be used to classify terms appearing in the convex
hull (also called the Newton polytope) of the support of a
polynomial system that can cause extraneous factors in the
computation of a projection operation by the generalized
Dixon formulation. For the bivariate case, a complete anal-
ysis of the terms corresponding to the exponent vectors in
the Newton polytope of the support of a polynomial system
is given vis a vis their role in producing extraneous factors
in a projection operator. A mnecessary and sufficient con-
dition is developed for a support to be Dixon-exact. Such
an analysis is likely to give insights for the general case of
elimination of arbitrarily many variables.

1. INTRODUCTION

A structural criteria on multivariate polynomial systems
is developed such that the generalized Dixon formulation
of multivariate resultants [7, 13] as well as the associated
sparse resultant construction recently obtained by the au-
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thors from this formulation [5] computes the resultant ex-
actly, i.e., these constructions do not produce any extrane-
ous factors in the resultant computations for such polyno-
mial systems. This result is of considerable practical sig-
nificance. Extraneous factors arising in resultant computa-
tions of polynomial systems is a key problem faced when
any multivariate resultant method for simultaneously elimi-
nating many variables is used for elimination in a variety of
applications including computer vision, robotics and kine-
matics, control theory, solid and geometric modeling, geom-
etry theorem proving, biology, etc. A long-term goal of this
research is to identify subsets of terms in relation to the
supports (sets of exponent vectors of terms) of polynomials
in a polynomial system that can produce extraneous fac-
tors in computing a projection operator (which is a nonzero
multiple of the resultant) using the multivariate generalized
Dixon resultant formulation.

Towards this objective, the notion of a Dizon-ezact support
is introduced to identify generic unmixed polynomial sys-
tems for which the Dixon resultant formulation produces
the exact resultant. A geometric operation, called direct-
sum, on supports is defined that preserves the property of
supports being Dixon-exact. Generic n-degree systems for
which the Dixon formulation is known to compute exact re-
sultants [7, 14] are shown to be a special case of generic
unmixed polynomial systems whose support is Dixon-exact.
This is discussed in Section 3, after Section 2 which gives
the background on supports, the Dixon resultant formula-
tion, Dixon polynomials and Dixon matrices.

Generic multigraded systems introduced by Strumfels and
Zelvinsky [16] for which they gave a Sylvester type formula
for sparse resultants are also shown to be a special case
of generic unmixed polynomial systems whose support is
Dixon-exact. This insight gives a new result that the gen-
eralized Dixon formulation can be used to compute exact
resultants for generic multigraded polynomial systems. Be-
sides these systems, other generic unmixed multihomoge-
neous polynomial systems with Dixon-exact supports are
identified for which exact resultants can be computed, thus
extending results in [7, 16, 14].

Generic unmixed polynomial systems with different sup-
ports are shown to exist such that the Newton polytope (the
convex hull) of their supports is the same, but for some sup-
ports, the generalized Dixon resultant formulation produces



exact resultants whereas for others, it generates extraneous
factors. That is despite the fact that the degree of the re-
sultants of these polynomial systems is the same, since it
is determined by the Newton polytope. Terms correspond-
ing to the exponent vectors in a Newton polytope can be
classified based on whether they are likelty to contribute ex-
traneous factor in resultant computations. This is discussed
in Section 4.

For the bivariate case, a complete analysis of terms in a
polynomial system is provided, vis a vis their role in pro-
ducing extraneous factors in a projection operator computed
by the generalized Dixon formulation. A complete charar-
cterization (i.e. a necessary and sufficient condition) of the
support of a polynomial system is given for which exact
resultant can be computed. In other cases, the degree of
extraneous factors in a projection operator can be deter-
mined using a technique based on successive partitioning of
the support of a polynomial system. Such an analysis is
likely to give insights for the general case of elimination of
arbitrarily many variables. This is discussed in Section 5.

Using the techniques discussed in [12], a wide class of poly-
nomial systems can be identified for which the Dixon formu-
lation produces exact resultants. It is proved in [12] that for
a class of polynomial systems, the projection operator com-
puted by the generalized Dixon formulation can be related
to the projection operator computed by the same method
for a simpler polynomial system (with polynomials whose
support is a smaller Newton polytope and of lower degrees).
This result can be exploited in many different ways. Firstly,
the projection operator for such smaller polynomial systems
can be computed much faster and using less memory space,
than similar computations for the larger systems. Secondly,
extraneous factors in the projection operator can be shown
to be powers of the extraneous factors in the projection op-
erator of the related smaller polynomial system. In other
words, if the generalized Dixon formulation does not gen-
erate extraneous factors in the projection operator of the
smaller system, then it is guaranteed not to do so for the
larger one either.

The problem of extraneous factors is not peculiar to the
elimination method based on the generalized Dixon formu-
lation. In fact, none of the resultant based elimination meth-
ods — the Macaulay formulation, Dixon formulation or the
sparse resultant formulation, compute the exact resultant
of arbitrary nonhomogeneous polynomial systems. Instead,
these methods compute various multiples of the resultant,
known as projection operators, which may contain extra-
neous factors besides the resultant. Since the information
about the solutions of a polynomial system is completely
contained in its resultant, the extraneous factors in a pro-
jection operator do not offer any additional information.
Instead, they make it more difficult to identify the resul-
tant in a projection operator, as for each factor in a pro-
jection operator, it must be checked whether it is extrane-
ous or if it is a part of the resultant, and this check can
be resource-consuming. The presence of extraneous factors
can also make computing a projection operator impracti-
cal, since extraneous factors can increase the total degree of
the projection operator considerably, and the computational
complexity of the projection operator using the generalized

Dixon method (as well as other resultant formulations) is
determined by its degree.

The results reported in this paper extend our earlier results
about the generalized Dixon formulation, a method for si-
multaneously eliminating many variables for a large class
of polynomial systems and computing a projection opera-
tor from which the resultant can be extracted [13]. This
method has been experimentally found to be superior in
performance on a wide variety of examples, in comparison
with other elimination methods including Macaulay resul-
tants, sparse resultants [3, 15, 9], the characteristic set con-
struction [4], and the Grébner basis construction [1, 2].
The method takes less time, less space, as well as the ex-
traneous factors seem to be fewer (except in the case of the
Grobner basis method which gives the exact resultant) [10].
We also proved that for the unmixed case, the Dixon for-
mulation, in fact, implicitly exploits the sparse structure of
the polynomial system, i.e., its computational complexity is
governed by the Newton polytope of the unmixed system,
not by the Bezout bound as is the case for Macaulay resul-
tants [11]. Recently in [5], we have given a simple algorithm
for efficiently generating sparse resultant matrices using the
Dixon formulation, in contrast to other known techniques
for generating sparse resultant matrices based on explicitly
exploiting the support of the polynomial system.

2. DEFINITIONS & NOTATION

DEFINITION 2.1. Given a polynomial f = cox** +--- +
CanX?" € Clz1,...,2q] and x* = 27" ay"? . x5"?) let
the support of f be the set A= {a1,..., 0}, where a; € N
and ca; # 0. Define a support map S : Clz1,... ,zq4] —
N, and Sc(f) = A, where x = [1,... ,24].

DEFINITION 2.2. Define mi(x*) = 231 - ziizi 1" - 259,
where ¢ € {0,...,d} and T;’s are new variables; mo(x*) =

x%. m; is extended to polynomials as:

ﬂ'i(f(.’l,‘l, N

7md)) Zf(fla ,fi,i[)i-}-l,..- ,iL'd)-

DEFINITION 2.3. Given P = {fo, f1,...
C[.’lh g

,fda}, where P C
,Z4], define its Dizon polynomial as

LR
T 0 ™ 1 ™
6(fo,. .+ f) = — . . o

i —X; - e

- de(.fO) ma(f1) ma(fa)
,Zq], where

Hence 6(fo, f1,..., fa) € Clz1,...
T1,%2,--.,Tq are new variables.

yLdyT1y. ..

The order in which original variables in x are replaced by
new variables in X is significant in the sense that Dixon
polynomials computed using two different orderings may be
different. This is discussed and illustrated later.

A polynomial system P = {fo,...,fs} is called unmized
if each polynomial has the same support, i.e., for all i,
S<(fi) = A. For unmixed generic systems, we will use
04 = 6(fo, f1,..., fa), to stress its dependence on the sup-
port A of the polynomial system.



DEFINITION 2.4. A Dizon polynomial 6(fo,... , f4) can be
written in bilinear form as

6(f07f17 s 7fd) = Y(‘)XT,
where X = [X°1, ... , %] and similarly, X = [x*1,... ,x%]

are row vectors with a; € S<(6) and B; € S(0). The k x 1
matriz © is called the Dizon Matrix.

As proved in [11, 14], the determinant of a maximal minor
of the Dixon matrix © is, in general, a projection operator,
a non-trivial multiple of the resultant, provided that the
Dixon matrix © has an independent column. Each entry in
O is a polynomial in the coefficients of the polynomials in P,
and its degree in the coefficients of any single polynomial is
at most 1. Hence, the projection operator computed using
the Dixon formulation can be at most of degree |X| in the
coefficients of any single polynomial.

It is known that the degree of the toric resultant of a generic
unmized polynomial system with support A is d!Vols (N (A))
in the coefficients of any polynomial [6], where N(A) is the
Newton polytope (the convex hull) of A4 and Vol gives the
Euclidean volume of a Newton polytope.

| X | reveals if any extraneous factor exists in the determinant
of a maximal minor, and if so, gives a lower bound on the
degree of the extraneous factor. Since | X| = |Sc(6)|, we are
interested in estimating |Sc(6)|. The support of the Dixon
polynomial can also be analyzed in terms of Z; variables,
but this is equivalent to doing the analysis in terms of x;
variables if the variable order is completely reversed.

PROPOSITION 2.1. Given an unmized generic polynomial
system P = {fo, f1,..., fa} with a support A,

Sc(6.4)] > d!Vola(N(A)).

PROOF. : If the resultant of P exists, then there exist a
maximal minor in its Dixon matrix whose determinant is a
non-zero projection operator (see [11], [8]). Since the de-
gree of the resultant is d!Volg(N(A)) in the coefficients of
any polynomial in P, the size of the Dixon matrix has to be
at least that big, and hence, the size of the support of the
Dixon polynomial. O

The Dixon polynomial of a polynomial system P can
be decomposed into a sum of smaller Dixon polynomials of
polynomial systems with d+1 monomials. This nice identity
for the Dixon polynomial is used later in proofs.

PROPOSITION 2.2. Let P = {fo, f1,..., fa} be a polyno-
mial system and let A = UL Se(fi). For o C A, where
o ={oo,... 04}, let a(c) stand for the matriz whose (i, §)*"
entry s cio;, where cio; s the coefficient of monomial X%
in fi; similarly, let o(x) be the matriz whose (i, )" entry
18 wi(x°9). Then

d

e(foafla"' 7fd) = | | T 1‘” E |O'(C)||O'(X)|
=1t ' eCcaA
|o|=d+1

PROOF. : Let fi = 377, ci,a;x%/, (assuming 0 for coeffi-

cients if necessary). The Dixon polynomial of P is given
by

0(fo,-..,fa) =
mo(fo) mo(f1) mo(fa) \ ©
. ) m1(fo) wi(f1) w1 (fa)
= [l T —x; : : : :
ma(fo) ma(fr) ma(fa)
Co,a1 Co,an e Co,an
_ d _ 1 Cl,a; Cliag "°° Cl,an
Cd,a; Cdyan - Cd,op
( mo(x*1)  m (%) ma(x)
mo(x*2)  m(x*2) ma(x*?)
WO(J:IO‘") 1 (ga") Wd(’-(an)
d
= [I=—— 3 lo@lox)
i=1"" YooCA

|lo|=d+1

(by Cauchy-Binet Formula).O

The above identity shows that if generic coefficients are
assumed in the polynomial system, then the support of the
Dixon polynomial depends entirely on the support of the
polynomial system.

3. DIXON-EXACT SUPPORTS

DEeFINITION 3.1. Given a generic unmized polynomial sys-
tem P with support A, A is called Dizon-ezact if there exists
a variable order on x resulting in the Dizon polynomial such
that

|Sx(6.4)| = d!Vola(N(A)).
DEFINITION 3.2. A set p C N? is called a basis simplex if
e |p|=d+1, and

o forallp; € p, pi; =0,1< 5 <d, except possibly one
Dik ;é 0.

If Volg (N (p)) > 0, then there exist d points in p such that
each is lying on a unique coordinate axis, and the d + 1-th
point is on any axis.

For p to have a zero d-dimensional volume, it must be
of dimension less than d, i.e., there must exist a coordinate,
say i-th, such that for all points in p, their i-th coordinate is
0. In terms of monomials appearing in a polynomial system,
this implies that some variable does not appear at all, and
hence, two rows in the expansion of the determinant for the
Dixon polynomial will be the same. That is, if Volg (N (p)) =
0, then |S<(6,)| = 0, because the Dixon polynomial is zero.

Assume that p = {po, ... ,pa}, and p1,... ,pq are points
lying on respective axes z1,...,Z4. Let |p| stand for the
length of vector p, i.e., the distance of point p from the
origin. Assume that the first point po is lying on the same



axis as pj;, but |po| < |pj|, i.e., po is closer to the origin than
p;. Then,

d
d'Voly(N(p)) = |p; — pol H |-
i=1
i

PROPOSITION 3.1. For a generic unmized polynomial sys-
tem with support p that is a basis simplez,

|S<(6,)| = d!Vola(N(p)),
i.e. p is Dizon-ezact with respect to any variable order.

PROOF. : Assume p = {po,... ,pa} as above. The expres-
sion for the Dixon polynomial of such a generic system is
given by

xzo it b2 zhd

0 —=P1 b2 Pd

z° Ty Ty
_ Po =Pl =P2 . Pd | _
D=z 7y = zgt | =

E;O ffl E];Z .. (L'gd

f;’o 51111 51212 .. Esd

d
x;’(’fg-’o(x?j—po — E?"_po) H(xf’ —zh).
i=1

i#j

The Dixon polynomial is then CD H?:I ﬁ, where C
is the coefficient matrix. We thus have

Sc(bp) ={al0<ai<piforj#i=1,...,d
and po < a; < p;}.
Thus, the result follows. O

It is easy to see that |p + S<(6,)| = (d + 1)|Sx(6,)|. The
above relation is used in Proposition 3.3 to follow.

PROPOSITION 3.2. Let p1 and p2 be two basis simplezes,
such that for every p € p1 there exist s,t € p2, such that
8i <pi<t; foralli=1,...,d, then

Sk(0p1) € Sc(65s)-

This follows from the proof of Proposition 3.1, and the fact
that a Dixon polynomial is a sum of determinants corre-
sponding to the basis simplexes as per Proposition 2.2.

If the support of a polynomial system is A = p1 U p2
where p1, p2 satisfy the conditions in the above proposition,
then, Sc(6p10p2) = S<(6,).

DEFINITION 3.3. A support A is called a basis support if
any d + 1 subset of it is a basis simplez, of dimension d or
less.

THEOREM 3.1. Given a generic, unmized polynomial sys-
tem P with a basis support A, A is Dizon-ezact.

The proof follows from Proposition 2.2.

Note that the one-dimensional case is a special case of
the above theorem. The Dixon resultant formulation yields
exact resultant in the univariate case when the degrees of
the two polynomials are the same (the unmixed case).

DEFINITION 3.4. Let P and Q be supports.

o The Minkowski Sum of P and Q, denoted by P+ Q,
isP+Q={p+q|p € P and q € Q}, where p+ q 1is
the regular vector sum.

We also use the notation p+ Q to stand for {p} + Q.
o For any non-negative integer k, let

kP ={kp = (kpy,...  kpa) lp = (p1,.-.

Below, we define a geometric operation on supports that
preserves the property of a support being Dixon-exact. By
iterating this geometric operation on supports, we can ob-
tain other Dixon-exact supports.

’pd) € P}

DEFINITION 3.5. Given two supports P and Q, define direct

sum of P and Q to be
PoQ={(ps,... ,pr) EP C N,

7ql)€ QCNI7}

sq)l p=(p,- -
and q=(qu,...

yPeyq1, - - -

where k +1=d.

Note that P ® Q C N¢, and

Volg(N(P @ Q)) = Vol (N(P)) Vol (N(Q)). The direct sum
can be thought as the Minkowski sum where P and Q are
embedded into N?, and added.

PROPOSITION 3.3. Suppose A = P & Q, where P,Q are
Dizon-exact supports using the variable orders Xp and Xg,
respectively. If Q is a basis support, then A is Dizon-ezact
with respect to the variable order {Xp, Xg}.

PROOF. : Using the variable order {Xp, Xg}, the Dixon
polynomial for the polynomial system with support A is:

<1
0(for - fa) =l 5=
mo(fo) mo(f1) mo(fa)
meea(fo)  mei(fi) w1 (fa)
7k (fo) mk(f1) 7k (fa)
ﬂ'k+l—.1(f0) 7Tk+l—.1(f1) 7l'k+l—-1(fd)
Thti1(fo)  me+(f1) Th+1(fa)

The above matrix has been partitioned into 3 sets of rows.
In the first part, only variables in Xp are replaced with
variables in Xg not getting changed; in the second part
X g variables are changed with all variables in Xp already
replaced by new variables. In the last row, all variables have
been replaced by new variables.

Since the last row does not contain any original variable,
it will not contribute to the support of the Dixon polynomial.

Using the Laplace formula, the above determinant can
be written as the sum of products of the determinant of a
minor from the upper part, the determinant of a minor with
a different subset of columns from the second part, and the
element in the column not considered, from the last row.

The minor from the upper part will have support which
is contained in

S(@r)+Q+---+Q,
k



and any minor from the lower part will have support S« (Ag).
Hence the support of the Dixon polynomial is contained in
the Newton polytope of the Minkowski sum of

Sc(0p) + Q+ -+ Q+5(80).
~_——
k
Since P and Q are supports based on different variables,
0 = 0 e 00)|-
1Sc(6.4)] = [S<(0P)|2 + - -- + Q +5<(0o)|
k
Let Q' be a basis simplex in Q with maximum volume.
For p,q€Q + - +9Q
| —

k
P+5(02) Ng+5(f2) = 0,

because the maximum of any point coordinate in Sc(fg) is
smaller than the corresponding maximum in Q’. Then,

[Se ()] =[S0 Q + - + Q' [ISc(B2)| =

k

(k ¢ l) KIVola(N (P))IVola(N(Q)) = d!Vola(N(A)).

This implies that the support A is Dixon-exact. O
In the above proof, the following property is used:

PROPOSITION 3.4. Let Q be a support that is a basis sim-
__ (d+k
plez, then | Q+---+ Q| = (“17).
k

PROOF. : By induction on the dimension d. The basis case
is d = 1. Then Q is just 2 points on a line, and

Q4+ - +Q|=k+1
N——_———
k

Assume that the proposition is true for d. Q = Q' U {p}
where Q' has d points, where all have one coordinate value
0, and p has non-zero value in that coordinate. Let

S;i=j{p}+Q +---+Q for j=0,...,k.
S———
k—j

Note that Q+---+Q = U¥_,S;. Also note that S;NS; =@
for j # 4. Using the induction hypothesis,

k . k .
_ d+k—j\ _ d+1
ererar - 2 (457) - x ()

i=0
_ <d+1+k).D
k

THEOREM 3.2. Given a generic unmized polynomial sys-
tem whose support is a direct sum of k Dizon-ezact supports
A1 & - D Ai, where A;, for 1 < i <k, is a basis support,
the Dizon formulation computes the exact resultant.

The proof follows by induction from Proposition 3.3.

3.1 n»-Degree Systems
DEFINITION 3.6. A support A is n-degree if there exists
nonnegative integers ki, ... ,kq such that A= {p |0 < p; < k;}.

PROPOSITION 3.5. A m-degree support A can be expressed
as A =X1®-- - Xy, where X; is 1-dimensional basis support
and each p € X; satisfies 0 < p < k;.

For generic unmixed n-degree polynomial systems; the
Dixon formulation has been shown to compute exact resul-
tants (see [14]). Here we show that this result is a special
case of Theorem 3.2.

COROLLARY 3.5.1. The Dizon resultant formulation yields
the ezact resultant for a generic unmized n-degree polyno-
mial system.

PROOF. : A generic unmixed n-degree polynomial system
has an n-degree support, which by the above proposition,
can be expressed as a direct sum of Dixon-exact supports.
The statement follows from Theorem 3.2. O

4. MULTIHOMOGENEOQOUS SYSTEMS

DEFINITION 4.1. A polynomial f is called multihomogeneous
of type (li,l2,... \lrs k1, ko, ...  kr) if

ki k k ki i1
f= E caXy'X5? - X,", where Xt = @by - i,

and p1+p2+--py + 1 =k

That is, variables are partitioned into r blocks of size
l;;1 < ¢ < r, and the polynomial is made homogeneous
using a unique homogenizing variable x;;,+1 for each block
x;, and its degree in the variables in the block x; is k;.

A multihomogeneous polynomial of type (I1,12,...,1r;
ki,k2, ... k) is full if every term (after homogenization) of
degree k; in block x;, 1 < i < r, has a nonzero coefficient in
the polynomial.

A polynomial is called multihomogeneous of some type, if
it can be multi-homogenized into such a multihomogeneous
polynomial. Note that a polynomial can be made multiho-
mogeneous in a number of ways, depending on the partition
of variables. We will call the support of a multihomoge-
neous polynomial to be multihomogeneous as well; further,
the support of a full multihomogenous polynomial is called
full.

PROPOSITION 4.1. A full, multihomogeneous support A of
type
(1,02, Lo, o, ..

A=X10--Q A,

,kr) can be written as

where X; is the support of a dense polynomial of total degree
of ki, in the variables of the i" block x;.

4.1 Multigraded Systems

DEFINITION 4.2. A multihomogeneous system of type
(Liylay ... sl ke, ko, .o kr) is called multigraded
ifVi=1,... ,r eitherl; =1 or k; = 1.



Multigraded systems were introduced in [16] as a special
case of multihomogeneous systems.

Multihomogeneous supports are direct sum of smaller
supports as shown above, yet they are not necessarily Dixon-
exact. But multigraded systems are.

PROPOSITION 4.2. A full multigraded support A can be ez-
pressed as X1 @ --- @ X,, where X; is Dizon-ezact for all
t=1,...,r.

PROOF. : When [; = 1 for some 1 < ¢ < r, &; is one dimen-
sional support and hence is Dixon-exact.

Whenever k; = 1 for some 1 < i < r, X; consists of a
zero l;-tuple, and l;-tuples in which exactly one coordinate
is non-zero, and has value 1. X is then a basis simplex,
which is Dixon-exact. O

From the above Proposition and Theorem 3.2, the follow-
ing new result is obtained about the Dixon resultant formu-
lation, analogous to a similar result about sparse resultants
about multigraded systems given in [16].

COROLLARY 4.2.1. The Dizon resultant formulation yields
ezxact resultant for a generic unmized multigraded polynomial
system.

4.2 Dixon-exact Multihomogeneous Systems
Not all Dixon-exact supports are multigraded. There are
multihomogeneous systems which are not multigraded but
whose support is still Dixon-exact. For example, consider an
unmixed generic polynomial system where each polynomial
has {1,472, z, 2%, z3y?, 232, 2%y} as terms. Clearly this is not
a multigraded polynomial system, yet it is Dixon-exact since
its support is the direct sum of exponent vectors of 1,42, z
and exponent vectors of 1,z%, where the exponent vector
corresponding to >y is Dixon-interior.

Theorem 3.2 in the previous section is, thus, a strong
generalization of the theorem in [16] in the sense that there
are polynomial systems of which multigraded systems are
special cases, for which a Sylvester-type resultant formula
can be given using the Dixon resultant formulation.

As pointed out in [16], there are r! resultant matrices
for multigraded systems whose determinant is the resultant.
It can be shown that the Dixon resultant formulation can
construct any of 7! exact matrices as well, depending on the
order of given blocks used in the construction. The order
within blocks will change only the monomial multipliers.

Figure 1 depicts the support of a multigraded system of
type (1,2;2,1), where variable blocks are {z} and {y,z}.
Under variable orders [z,v, 2], [z, z,y], [y, 2, 2] and [z,y, ]
Dixon resultant formulation yields 6 x 6 Dixon matrix, from
which exact resultant is extracted in accordance with The-
orem 3.2.

The sensitivity of the Dixon resultant computation to
the variable ordering is reflected for multigraded systems.
Particularly, if the variable ordering used does not coincide
with the block structure, then the Dixon formulation can
lead to extraneous factors in the resultant computation. For
the above example, if variable order [y,z,z] or [z,z,y] is

Y

Figure 1: Multigraded system of type (1,2;2,1)

used, they give rise to Dixon matrix of size 8 x 8, resulting
in an extra factor of degree 2 in the coefficients of any one
polynomial in the polynomial system.

4.3 Other Terms in Newton Polytope

DEFINITION 4.3. A point p € A is called Dizon-interior if
Sc(04) = Sc(0a-(p})-

In the literature, a point is called interior with respect to
a support A if it belongs to the convex hull of A. It is known
that the presence of monomials corresponding to points not
in the support of a polynomial system but inside the convex
hull do not change the degree of its resultant. Yet there exist
examples where given an unmixed polynomial system with
support .4, and point p not in A but in its convex hull, the
Dixon matrix of AU{p} is bigger than that of A, resulting in
the projection operator containing extraneous factors. This
is the rationale for introducing the above definition which is
much more restricted.

For example, in the bivariate case, a polynomial system
with support {(0,0), (2,0), (0,2)} results in the Dixon ma-
trix of size 4 x 4. If a monomial corresponding to the point
(1,1) not in the support but in its convex hull is added to
the polynomial system, the Dixon matrix becomes of size
5 x 5, whereas the degree of the resultant remains 4 in the
coefficients of any polynomial. However, adding a monomial
corresponding to the point (1, 0) or (0,1) does not affect the
the size of the Dixon matrix, since these points are Dixon-
interior.

Counsider the following generic polynomial system in which
all terms of degree 2 are present: for ¢ = 0,1,2:

2 2
Ci,00 + Ci,01Y + Ci,02Y" + Ci,10% + Ci,112Y + Ci 20T

It can be viewed as a multihomogeneous of type (1, 1; 2, 2),
in which case it is multigraded, but then not generic, since
its support does not contain all vertices that a system of type
(1,1;2,2) can have, in particular monomial z2y? is missing.
But this system can also be viewed as multihomogeneous of
type (2;2) in which case, all the monomial are present.

This example illustrates that it is not always possible to
construct exact Dixon matrices. Dixon matrix is 5 X 5 and



has extraneous factor of degree 1 in coefficients of any one
of the equations. However, the Macaulay resultant formu-
lation extracts the exact resultant in this by finding sub-
matrix whose determinant is the extra factor; the resultant
is expressed as a ratio of two determinants. There may not
exist any resultant matrix whose determinant is precisely its
resultant for this example, however.

5. BIVARIATE CASE

In this section, we discuss the case of d = 2, and give a
precise characterization of when the Dixon resultant formu-
lation leads to exact resultants and when extraneous factors
are generated.

Let {a, 8,7} be a simplex in two dimensions. We will
associate with it, the following two determinants:

d 1 $0¢a:y0¢y wﬂmyﬁy x'rmy'ry
o, 8,7 =] = Ty ey Ty |
i= 1x1_xi fawyay Eﬂmgﬁy E’Yzy’w
1 ap oy
2 *Volo(N({a, B,71)) = | 1 Bz By
1 7% v

In the expression for |a, 8, 7|, the total degree in T, z is az +
Bz + vz — 1, and it is the same for 7,y as well. To simplify
the analysis of the monomial set of |a, 8, y| and without any
loss of generality, we substitute z = 1,5 = 1.

5.1 Exact 2D Supports

DEFINITION 5.1. A 2-dimensional simplez p = {a, B,7} is

orderable if B is strictly in between «a, 7 in every coordinate,
e, (aa < B <) and (ay < By <y or vy < By < ay).
PROPOSITION 5.1. A simplez p = {a, 8,7} C A is Dizon-

ezact if and only if it is not orderable.

ProoF. : W.lo.g. assume that a, < B, < 7,. Consider
the volume determinant expression of p:

2% Vol(a, B,7) = Eﬂz —az)(1y — 59)4_£’7m —B2)(By — O‘y)J-

141 Va

The corresponding monomial determinant in the Dixon
polynomial is

y'Yy _yﬂy mﬂz _.,L.Otm yﬂy _yay m'fm _mﬂm

— oyl
1—y 11—z 1—y 11—z

o, B, 7| =y

v

~ ~~

Py Py

Note Se(P1) N $(P2) = @, hence [Se(la B, 7| = |S<(P)] +
|Sc(P2)|. Since Vi = |Sc(P1)| and Vo = |Sc(P2)|, then the
only way that V3
this implies that sign(y, — 8y) = —sign(By — ay), i.e., By is
not strictly in between a, and <. Since we have assumed
that a, < 8z < . this amounts to p not being orderable.
O

DEFINITION 5.2. Given a support A, define T to be a tri-
angulation of A, that is, for any distinct o,p C A where
lo| =|pl =3, 0 €T and p € T if and only if Vola(N(o) N
N(p)) =0 and 3, . Vola(N(a)) = Vol2(N(A)).

PROPOSITION 5.2. Given a triangulation T of A, for all
distinct o = {0'1,0'2,0'3},P = {Plap2,P3} €T,

S(lo1,02,03]) N Sc(lp1, p2, ps]) = @

—Va = [Sc(lev, B,y if sign(Vi) = —sign(Va);

PrOOF. : By checking all possible cases. O.

The above shows that if simplexes are geometrically dis-
joint, then the corresponding monomial sets in the Dixon
polynomials are disjoint as well.

It is easy to see that a four point support A = {a, 8,7,d}
has two triangulations.

PROPOSITION 5.3. Let support A = {«a, 8,7,0} and T1 and
T, two distinct triangulations of A. If every simplex of A is
Dizon-ezact, then

Sc(04) = | Sx(lo1,02,08)) = | Se(lo1,02,03])

o€Ty oc€Ty

ProOOF. : Using Proposition 2.2,

O0a = Cl|a,ﬂ,’)’| + C2|’Y’ ﬁ:él + 03|ﬁ7a76| + C4|a77:6|

where |a, 8,7| is the monomial determinant corresponding
to points a, 3,7, C1 is the determinant of the corresponding
coefficient matrix, and so on. For generic coefficients, C; #
0,1 <i<4. W.lo.g. assume that oy < Bz <z < dg; then
it can be shown that

|, B,9] + |7, B,6] = 1B, @, 8| + |, v,6]. O

PROPOSITION 5.4. If every simplex of a support A without
Dizon-interior points is Dizon-exact, then A is Dizon-ezact.

PROOF. : Proposition 2.2 implies that

Se(8.4) = |J Scllpr, p2, ps))-
pCA
Given a triangulation T of A, this can be rewritten as
=J U S<Up1,p2, p3))-
T peT

It can be easily shown using Proposition 5.3 that any trian-
gulation will yield the same set of monomials if all simplexes
are Dixon-exact (see also [9]). That is, for any triangulation
T of A,

Sc(8.4) = | S<(lp1, p2, ps)).-

p€eT

The above implies that |Sc(6.4)| < d!Volz(N(A)), but [Sk(6.4)| >

d'Vol3(N(A)) by Proposition 2.1, and hence, |Sx(64)] =
d'Voly(N(A)). O

PROPOSITION 5.5. If A is Dizon-ezact, then every simplez
of A without Dizon-interior points is Dizon-ezact.

PROOF. : From the proof of the previous proposition,

S<(64) 2 | Sx(Ip1, p2, p31),

pET

for any triangulation T of A. In particular, if T contains
a simplex which is not Dixon-exact, then using proposition
5.2,

ISc(A)l > D ISx(Ip1, p2, pal)| > diVola(N(A)),

peT

i.e., A is not Dixon exact if there exists a simplex in .4 that
is not Dixon-exact.

THEOREM b5.1. Given a generic unmized polynomial sys-
tem with support A, A not including an orderable simplex is
a necessary and sufficient condition for the Dizon formula-
tion to compute its exact resultant.



Figure 2: 1;—, Operation on support A

5.2 Estimating Degree of Extraneous Factor
Consider a support A = {a1,a2,... ,a,}. Let m be a pos-
itive integer such that min? ;(a;). < m < maxj;(®)s.
Consider the following two maps: i_,, : N* — N* where
for a = (az,ay) €N,

w:;:m ((am,ay)) = { (m’ a"J) Ay > m,

(amva?l) Qg S mv

and also

+ — (m: (ly) az <M,
Ut ((ana)) = { () e S
See Figure 2 for an example. These maps can be looked as
maps on individual terms, where

+
w;t=m (xa) _ xibm:m(a),

or even on an entire polynomial, in which case ¥ is applied
to each term in the polynomial.

Let A~ = 9;_,,(A) and AT = 9J_ (A). Note that
A = Sx(¥y=m(Pa)), where P4 is a generic polynomial
whose support is \A. Abusing the notation, define for any

a €A o =i_p(®).

Note that Sc(64-) = Sx(¥7=m(0.4)) even though 6 ,— #
¥y—m(6.4). To see this, note that the above map ¥, will
result in “splitting” various determinants in the Dixon poly-
nomial (expressed using Proposition 2.2). It thus suffices to
consider one of them. Below, we assume that a, < 3, <
m< v, and A =(1—2)(1—y).

o yay 2P yﬂy = y'Yy

y yPv
1 1 1

Xy y’Yy =

P>l

grey®y gheyby gy Ty gty ey

x| vy oy x| oy Yy

1 1 1 1 1 1
which splits into two disjoint monomial sets, since in the
first determinant, deg(z) < m, and all monomials of the
second determinant have ™ as a factor. In the expression
for the Dixon polynomial, these determinants are divided
by (1 — z)(1 — y), after which in the first determinant, the
degree of £ < m, whereas in the second determinant, the

degree of z > m.

The following two identities hold:

o 04 =15, (04) + i, (84), hence
Sc(0.4) = Sx(04-) USc(04+).

Figure 3: 1.=2 Operation on support A
y=2

® Sc(4-)NSc(B41) = @.

We can also split the support on y. Define a map

Yy ((as,0,)) ={ (azm) ay >m,

(az,ay) ay <m,

for a = (az,ay) € N’, and also

+ _ (aﬂﬂam) Ay < m,
Yy=m((az,ay)) = { (az,ay) ay > m.

Below assume that ay < 8, <m < 7y,.
1 1 -m 1 —2m
KlaBrl = gy "o B + gy T By |

where o' = (az,m), B = (Bz,m) and ¥ = (yz,m). By a
similar argument as for z, the two determinant in the sum
have all disjoint monomials in y.

Maps w;tzm can be viewed as partitioning maps for the
support of the polynomial system, as well as the support of
its Dixon polynomial in a same way as ¥2_,,. To make 1/)3[:7,1
partitioning, we had to premultiply individual determinants
in above expression.

Two maps 1/);E=mz and w;tzmy can be composed together,
and the composition is commutative. By ¢;: 5 we will de-
note _, o %, 5. See Figure 3 where the polytope is first
split on £ = 2, and then each resulting polytope is split
again on y = 2.

PROPOSITION 5.6. A point p € A is Dizon-interior if there
erists a,b,c,d € A different from p such that

{ayvdy} <py < {byacy} and {am,bx} <p: < {dmycm}-

PROOF. : Since for all maps i,, (¢) = (Pz,py), for q €
y=py
{a, b, c,d}, the presence of p in A after partitioning is irrele-

vant, i.e. it does not influence the size of the support of the
Dixon polynomial. O

Given a support A of a polynomial system P, we can ap-
ply ¥ map on every point belonging to the Newton polytope
of A. After partitioning A into the smallest polytopes (i.e.,
when they cannot be partitioned any further due to lack
of any integral points between any of the two coordinates),
each resulting polytope can be shown to be Dixon-exact,
and hence, the sum of the volumes of the smaller polytopes
is the number of monomials in the Dixon polynomial.

As should be evident from maps %, Dixon-interior points
do not contribute to the support of the Dixon polynomial,



Figure 4: Complete partition of support A

and hence the degree of the resultant. When ¢ map is ap-
plied on the support as much as possible, Dixon-interior
points in the support will be overlapped by other points in
the support.

Given a 2-dimensional support, without computing re-
sultant or even Dixon matrix for it, it is possible to exactly
determine, in time proportional to the volume of the sup-
port, the size of the Dixon matrix and whether the projec-
tion operator computed using the Dixon formulation has an
extraneous factor, and if it does, which support points cause
the extraneous factor to appear.

Revisiting the example in Figure 2, after partitioning
the support completely we get the set of supports shown in
Figure 4. Note that each support in the partition is Dixon-
exact. Their total volume is 19, and hence there will be 19
monomial in the Dixon polynomial. But 2 * Vola(A) = 18,
hence the Dixon matrix will yield an extra factor of degree
1 in the coefficients of each polynomial in the system.

After applying ¢z=§ on the support, the total volume is

still 18. It can be seen that the extra monomial appears in
A™F, which results from points (0,0), (1,3), (3,4), which is
exactly the case. Proposition 5.1 predicts this condition.

6. CONCLUSION

We have identified supports of unmixed generic polynomial
systems for which the Dixon resultant formulation computes
exact resultants. The main result is a generalization of the
results reported in the literature about n-degree generic un-
mixed polynomial systems as well as about generic unmixed
multigraded systems. For the bivariate case, an exact analy-
sis is given whereby unmixed generic polynomial systems for
which the Dixon resultant formulation computes exact resul-
tants, are identified. A necessary and sufficient condition on
the supports of such unmixed generic systems is given. Fur-
ther, monomials in an unmixed generic polynomial system
that contribute extraneous factors in resultant computations
using the Dixon formulation are precisely characterized.

We are exploring ways to generalize the analysis for the
bivariate case to the general d-dimensional case.
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