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1 Introduction

A structural criteria on multivariate polynomial systems is
developed such that the generalized Dixon formulation of
multivariate resultants [6, 12] as well as the associated sparse
resultant construction recently obtained by the authors from
this formulation [5] computes the resultant exactly, i.e. these
constructions do not produce any extraneous factors in the
resultant computations for such polynomial systems. This
result is of considerable significance since extraneous factors
arising in resultant computations of polynomial systems is a
key problem faced when any multivariate resultant method
for simultaneously eliminating many variables is used for
elimination in a variety of applications including computer
vision, robotics and kinematics, control theory, solid and ge-
ometric modeling, geometry theorem proving, biology, etc.
A long-term goal of this research is to be able to identify
subsets of monomials in relation to the supports of polyno-
mials in a polynomial system that can lead to extraneous
factors in the computation of a projection operator (which
is a nonzero multiple of the resultant) from the multivariate
generalized Dixon resultant formulation.

Towards this objective, the notion of a Dizon-ezact poly-
tope is introduced; it is proved that the Dixon resultant for-
mulation produces the exact resultant for generic unmixed
systems whose support is a Dixon-exact polytope. A geo-
metric operation, called direct-sum, on polytopes is defined
that preserves the property of polytopes being Dixon-exact.
Generic n-degree systems for which the Dixon formulation
is known to compute exact resultants [6, 13] are shown to be
a special case of generic unmixed polynomial systems whose
support is Dixon-exact. Multigraded systems introduced by
Strumfels and Zelvinsky [15] for which they gave a Sylvester
type formula for resultants are also shown to be a special
case of generic unmixed polynomial systems whose support
is Dixon-exact. In other words, both the generalized Dixon
formulation as well as the sparse Dixon resultant matrices
constructed from them produce exact resultants for n-degree
as well multigraded polynomial systems. Besides these sys-
tems, other unmixed polynomial systems with Dixon-exact
support are identified for which exact resultants can be com-
puted, thus extending results in [6, 15, 13].

Using the techniques discussed in [11], a wide class of
polynomial systems can be identified for which the Dixon
formulation produces exact resultants. This study was mo-
tivated by our attempts to understand why and how the
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generalized Dixon method is successful in computing the ex-
act resultant of the famous Stewart platform problem using
for a particular variable ordering, as discussed in [11].

In [11], it was proved that for a class of polynomial sys-
tems, the projection operator computed by the generalized
Dixon formulation can be related to the projection oper-
ator computed by the same method for a simpler polyno-
mial system (with polynomials whose support is a smaller
Newton polytope and lower degrees). This result can be
exploited in many different ways. Firstly, the projection op-
erator for such smaller polynomial systems can be computed
much faster using less memory space, than similar compu-
tations for the larger systems. Secondly, extraneous factors
in the projection operator can be shown to be powers of the
extraneous factors in the projection operator of the related
smaller polynomial system. In other words, if the general-
ized Dixon formulation does not generate extraneous factors
in the projection operator of the smaller system, then it is
guaranteed not to do so for the larger one either. It therefore
becomes useful to identify polynomial systems for which the
extended Dixon formulation computes the exact resultant.

For the bivariate case, we provide a complete analysis
of monomials in a polynomial system vis a vis their role in
producing extraneous factors in a projection operator com-
puting using the generalized Dixon formulation. Such an
analysis is likely to give insights for the general case of elim-
ination of arbitrarily many variables.

The problem of extraneous factors is not peculiar to the
elimination method based on the generalized Dixon formula-
tion. In fact, none of the resultant based elimination meth-
ods — the Macaulay formulation, Dixon formulation or the
sparse resultant formulation, compute the exact resultant
of arbitrary nonhomogeneous polynomial systems. Instead,
these methods compute various multiples of the resultant,
known as projection operators, which may contain extra-
neous factors besides the resultant. Since the information
about the solutions of a polynomial system is completely
contained in its resultant, the extraneous factors in a pro-
jection operator do not offer any additional information.
Instead, they make it more difficult to identify the resul-
tant in a projection operator, as for each factor in a pro-
jection operator, it must be checked whether it is extrane-
ous or if it is a part of the resultant, and this check can
be resource-consuming. The presence of extraneous factors
can also make computing a projection operator impracti-
cal, since extraneous factors can increase the total degree of
the projection operator considerably, and the computational
complexity of the projection operator using the generalized



Dixon method (as well as other resultant formulations) is
determined by its degree.

The results reported in this paper extend our earlier re-
sults about the generalized Dixon formulation, a method for
simultaneously eliminating many variables for a large class
of polynomial systems and computing a projection operator
from which the resultant can be extracted [12]. This method
has been experimentally found to be superior in performance
on a wide variety of examples, in comparison with other
elimination methods including Macaulay resultants, sparse
resultants [3, 14, 8], the characteristic set construction [4],
and the Grébnerbasis construction [1, 2]. The method takes
less time, less space, as well as the extraneous factors seem
to be fewer (except in the case of the Grobnerbasis method
which gives the exact resultant) [9]. We also proved that for
the unmixed case, the Dixon formulation, in fact, implic-
itly exploits the sparse structure of the polynomial system,
i.e., its computational complexity is governed by the Newton
polytope of the unmixed system, not by the Bezout bound as
is the case for Macaulay resultants [10]. Recently, we have
been able to develop a simple construction for efficiently
generating sparse resultant matrices using the Dixon formu-
lation, in contrast to other known techniques for generating
sparse resultant matrices based on explicitly exploiting the
support of the polynomial system.

2 Definitions & Notation

Definition 2.1 Given a polynomial f = cq,x*' + -+ +
CanX® € Clz1,...,24] and x*i = 27" 2y . 2507, let
the support of f be the set A= {a1,...,an}, where o; € N

and cq; # 0. Define a support map

S :Clz,...,xzd] — N,

S(f) = A
Definition 2.2 Define mi(x*) = z7' - -z 1" - 237,
where i € {0,...,d} and T; are new variables. Note that

mo(x%) = x“. m; can be extended in a natural way to poly-
nomials as arguments:

Wi(f(mlv R 7$d)) = f(Elv e 7Ei7$i+17 s ,.'Ed)-
Definition 2.3 Given P = {fo, f1,-.-, fa} C
Clz1,...,z4q], define its Dizon polynomial as

mo(fo) mo(f1) mo(fa)
; LI m(fo) m(f1) m1(fa)
oot =ls—0l 0
ma(fo) ma(f1) ma(fa)
Hence 6(fo, f1,..-,fa) € Clz1,...,%d,TF1,...,Td], where
T1,%2,...,%d are new variables. Note that the support of

the Dizon polynomial depends on the variable order used in
constructing t.

A polynomial system P = {fo,..., fa} is called un-
mized if each polynomial has the same support, i.e., for all
i, S(fi) = A. For unmixed generic systems, we will use
04 =0(fo, f1,..., fa), to stress its dependence on the sup-
port of the polynomial system.

Definition 2.4 A Dizon polynomial 6(fo,..., fd) can be
written in bilinear form as

e(foafla"',fd) :Y(—)Xa

where X = {z*|7* € 6} and similarly, X = {z®|z* € 6}.
The matriz © is called the Dizon Matriz.

As proved in [10, 13], the determinant of a maximal mi-
nor of the Dixon matrix © is, in general, a projection opera-
tor, a non-trivial multiple of the resultant, provided that the
Dixon matrix © has an independent column. Each entry in
O is a polynomial in the coefficients of the polynomials in P,
and its degree in the coefficients of any single polynomial is
at most 1. Hence, the projection operator computed using
the Dixon formulation can be at most of degree |X| in the
coefficients of any single polynomial. Since the degree of a
resultant of a generic unmixed system can be predicted in
advance, |X| reveals if any extraneous factor exists in the
determinant of a maximal minor, and if so, gives a lower
bound on the degree of the extraneous factor.

Since |X| = |Sx(#)|, we are interested in estimating
|S<(6)|. The support of the Dixon polynomial can also be
analyzed in terms of T; variables, but this is equivalent to
doing the analysis in terms of x; variables if the variable
order is completely reversed.

Definition 2.5 Given a polynomial f € Clzi,...,z4q],
Volys(A) denotes the Euclidean volume of the convex hull of
A = 5:(0).

If A has dimension smaller that d, then Volz(.A) = 0.

It is known that the degree of the toric resultant of a
generic unmixed polynomial system with support A in the
coefficients of any polynomial is d!Volg(A).

The Dixon resultant formulation yields, in general, a
non-trivial multiple of the affine resultant, and it generally
has higher degree than its toric counterpart. Here, we are
mostly concerned with supports which contain the origin,
i.e., polynomial systems whose polynomials contain a con-
stant term. In this case, toric and affine resultants coincide.

Proposition 2.1 Given an unmized generic polynomial
system P = {fo, f1,..., fa} with a support A,

1¢(6.4)] > d!Vola(A).

Proof: If the resultant of P exists, then there exist a
maximal minor in its Dixon matrix whose determinant is
a non-zero projection operator (see [10], [7]). Since the
degree of the resultant is d!Volg(.A) in the coefficients of
any polynomial in P, the size of the Dixon matrix has to
be at least that big, and hence, the size of the support of
the Dixon polynomial. O

The Dixon polynomial of a polynomial system P can
be decomposed into a sum of smaller Dixon polynomials of
polynomial systems with d+1 monomials. This nice identity
for the Dixon polynomial is used later in proofs.

Proposition 2.2 Given a polynomial system P =
{fo, fi,--, fa}, let A =U2_(Sc(fi). Foro C A, |o| =d+1,
let o(c) stand for the matriz whose (i,)'" entry is Ciojs
where g s the j-th element of o, viewed as a sequence,
Ci,o; 5 the coefficient of monomial x°7 in f;; similarly, let
o(x) be the matriz whose (i,)" entry is m;(x°i). Then

d
Oforfoesf) =[] s=— 3 lo(@lloto)l
i=1"" Y oeca
|o|l=d+1




Proof: Let f; = 3 7_, ci,a; X%/, (assuming 0 for coefficients
if necessary). The Dixon polynomial of P is given by

0(fo,.--, fa) =

mo(fo) mo(f1) mo(fa) \©
e ) m1(fo) mi(f1) 71 (fa)
Wd(fO) 7ret(.fl) m(ﬁ)
C0,a1 Co,ao 0 Co,ag
_ d 1 Cl,o1 Cl,a0 o Clian
cd,.al cd,-ag *rr Cdyan
mo(x*1)  m(x°1) mq(x21)
wo(x*?) i (x*?) mq(x*?)
mo(x™) (X)) - ma(xn)
d
= IIz5 X kOl
i=1 """ ' sCA
lo=d+1

(by Cauchy-Binet Formula).

The above identity shows that if generic coefficients are
assumed in the polynomial system, then the support of the
Dixon polynomial depends entirely on the support of the
polynomial system.

In [5], we have given a construction for sparse resul-
tant matrices from the Dixon formulation. It is proved that
whenever the Dixon formulation computes the exact toric re-
sultant, the sparse resultant matrix obtained from the Dixon
formulation also computes the exact toric resultant. So the
results below also apply to sparse resultant matrices con-
structed from the Dixon formulation as discussed in [5].

3 Dixon-Exact Support, Basis Simplex

Definition 3.1 Given a generic unmized polynomial sys-
tem P with support A, A is called Dizon-ezact if there exists
a variable order resulting in the Dizon polynomial such that

|Sc(6.4)| = d!Volg(A).
Definition 3.2 A point p € A is called Dizon-interior if
5¢(64) = Sc(0a-(p})-

In the literature, a point is called interior with respect to
a support A if it is not in A, and it belongs to the convex
hull of A. It is known that the presence of monomials corre-
sponding to points not in the support of a polynomial system
but inside the convex hull do not change the degree of its
resultant. Yet there exist examples where given an unmixed
polynomial system with support .4, and point p not in A
but in its convex hull, the Dixon matrix of AU {p} is bigger
than that of A, resulting in the projection operator contain-
ing extraneous factors. This is the rationale for introducing
the above definition which is much more restricted.

The above observation is also true for sparse matrices.
For example, in the bivariate case, a polynomial system with
support {(0,0), (2,0), (0,2)} results in the Dixon matrix of
size 4x 4, and the sparse matrix of size 12x12. If a monomial

corresponding to the point (1,1) not in the support but in
its convex hull is added to the polynomial system, the Dixon
matrix becomes of size 5 x 5, and the smallest sparse resul-
tant matrix is of size 14 x 14, whereas the degree of the
resultant remains 4 in the coefficients of any polynomial.

Definition 3.3 Let P and Q be supports.

o The Minskowski Sum of P and Q, denoted by P+ Q,
18
P+Q={p+qlp€P andqe Q},

where p + q s the reqular vector sum.
We also use the notation p + Q to stand for {p} + Q.

e For any non-negative integer k, let

kP = {kp = (kp1,...,kpa)lp = (p1,...,pa) € P}.
Definition 3.4 A set p C N? is called a d-dimensional basis
simplez if

e |p|=d+1, and
o for allp € p, pi =0 except possibly one p; # 0.

Note that if Volg(p) = 0, then |Sc(8,)| = 0, i.e., the
Dixon polynomial is zero. For p to have a zero d-dimensional
volume, it must be of dimension less than d, i.e., there must
exist a coordinate, say i-th, such that for all points in p,
their i-th coordinate is 0. In terms of monomials appearing
in a polynomial system, this implies that some variable does
not appear at all, and hence two rows in the expansion of
the determinant for the Dixon polynomial will be the same.

If Volg(p) > 0, then there exist d points in p such that
each is lying on a unique coordinate axis, and the d + 1-th
point is on any axis.

Assume that p = {a1,...,a4, @441}, and a1,...,aq are
points lying on respective axes z1,...,x4. The last point
ag+1 is lying on the same axis as a;, but |ag+1]| < |ojl, i-e.,
is closer to origin. Then,

d
dVoly(p) = |aj — ags1| [ ] leul.
i=1

i#j

Proposition 3.1 For a generic unmized polynomial system
with support p that is a basis simplexz,

15<(6,)| = d!Vola(p),
i.e. p is Dizon-ezact with respect to any variable order.

Proof: Assume p = {a1,...,Qq,@q+1} as above. The ex-
pression for the Dixon polynomial of such a generic system
is given by

@
xa‘“l R - TR
d+1 =1 oo ag
x; I R
« — —
D= xa‘“l T3t T2 - ozt | =
g1 —a1 —on ag
z, R o R
—Qd41  —ay =09 —ag
T, T T - T
d
Qg41_Qgq1, Q@j—Qgi1l Qi —0gyq ;=
z; T E T (xy —I; ) [ [ —75).
i=1

i#j



The Dixon polynomial is then CDJ]¢_, =1, where C
is the coefficient matrix. We thus have

S(0,) ={pl0<pi<a;fori=1,...,d
and ag+1 <pj < aj}.

From above, the result follows. O

It is easy to see that |p + Sx(6,)| = (d + 1)|S(6,)|. The
above relation is used in the proposition 3.3 to follow.

Proposition 3.2 Let p1 and p2 be two basis simplezes, such
that for every p € p1 there exist s,t € pa, such that s; < p; <
t; foralli=1,...,d, then

Sx(0p1) € Sxc(652)-

This follows from the proof of Proposition 3.1, and the fact
that a Dixon polynomial is a sum of determinants corre-
sponding to the basis simplexes as per Proposition 2.2.

If the support of a polynomial system is A = p1 U p2
where p1, p2 satisfy the conditions in the above proposition,
then, Sc(6pups) = Sc(6p,), i-e. all points of p; are Dixon-
interior with respect to pa.

Definition 3.5 A support A is called o basis support if any
d+ 1 subset of it is a basis simplex.

Theorem 3.1 Given a generic, unmized polynomial system
P with a basis support A, A is Dizon-ezact.

The proof follows from Proposition 2.2.

Note that the one-dimensional case is a special case of
the above theorem. The Dixon resultant formulation yields
exact resultant in the univariate case when the degrees of
the two polynomials are the same (the unmixed case).

Below, we define a geometric operation on polytopes that
preserves the property of a polytope being Dixon-exact. By
iterating this geometric operation on polytopes, we can ob-
tain other polytopes.

Definition 3.6 Given two polytopes P and Q, define direct
sum of P and Q to be

'-7ql)|p:(p1’---apk)GPCNka
,a) €EQCN,}

P@Q:{(pl,---ypkaqlz-

and q=(q1,-..
where k+ 1 =d.

Note P® Q C N*, and Vola(P ® Q) = Vol (P) Vol;(Q). The
direct sum can be thought as the Minskowski sum where P
and Q are embedded into N?, and added.

Proposition 3.3 Suppose A = P & Q, where P,Q are
Dizon-ezact using variable orders Xp and Xg, respectively.
If Q is a basis support, then A is Dizon-ezact with respect
to the variable order {Xp,Xo}.

Proof: Using the variable order {Xp, Xg}, the Dixon poly-
nomial for the polynomial system with support A is:

d

0(f07"';fd)=H

i=1

1
Ti; — T;

mo(fo) mo(f1) mo(fa)
meo1(fo)  meea(f) me1(f2)
7k (fo) mk(f1) mk(fa)
7rk+l—.1(f0) 7rk+l—.1(f1) 7Tk+l—.1(fd)
mh+1(fo)  mrt(fr) r+1(fa)

The above matrix has been partitioned into 3 sets of rows.
In the first part, only variables in Xp are replaced with
variables in Xg not getting changed; in the second part
X g variables are changed with all variables in Xp already
replaced by new variables. In the last row, all variables have
been replaced by new variables.

Since the last row does not contain any original variable,
it will not contribute to the support of the Dixon polynomial.

Using the Laplace formula, the above determinant can
be written as the sum of products of the determinant of a
minor from the upper part, the determinant of a minor with
a different subset of columns from the second part, and the
element in the column not considered, from the last row.

The minor from the upper part will have support which
is contained in

S(fr)+Q+---+Q,
N e’
k

and any minor from the lower part will have support Sx(fg).
Hence the support of the Dixon polynomial will be contained
in the Minskowski sum

Sc(0p) + Q+ -+ Q+5(Ao).
k

Since P and Q are supports based on different variables,
[S<(64)] = [Sx(6P)||kQ + Sx(62)I-

Let Vg be the extremal vertices in Q (obtained after remov-
ing any Dixon-interior points from Q).

For p,g€EVo+---+ Vo
| S
k
p+5(0e) Ng+S(fo) = @,

because the maximum of any point coordinate in Sc(fg) is
smaller than the corresponding maximum in Vg. Then,

S<(6.4)] = [S<(62)]| Vo + - - - + Vo [|S<(f)| =

k

(’“ ;: ’) kIVol4(P)IVolg(Q) = d!Vola(A).

This implies that the support A is Dixon-exact. O

In the above proof, the following property is used:

Proposition 3.4 Let Vg be a support consisting only of ex-
tremal points (i.e. Q without interior points), then



Proof: By induction on the dimension d. The basis case is
d = 1. Then Vg is just 2 points on a line, and

|Vg+---
k

+Vol|=k+1

Assume, the proposition is true for d. Vg = Vg U p where
Vg has d points, where all have one coordinate value 0, and
p has non-zero value in that coordinate. Let

S]:]p+VQ’+ '+VQ’ fOerO,...,]C.

k—j

Note that Vo+---+Vg = U;'“:()Sj. Also note that S;NS; = @
for j # 4. Using the induction hypothesis,

Vel = i<d+k—]) Zk:<dz+z>

=0 =0

_ <d+1+k)_D
k

Theorem 3.2 Given a generic unmized polynomial system
whose support is a direct sum of k Dizon-ezact supports A1 D

- @ Ak, where A;, for 1 < i < k, is a basis support, the
Dizon formulation computes the ezact resultant.

| Vo +--

The proof follows by induction from Proposition 3.3.
3.1 n-Degree Systems

Definition 3.7 A support A is n-degree if there exists non-
negative integers ki, ..., kq such that A= {p |0 <p; < k;}.

Proposition 3.5 A n-degree support A can be expressed as
A=X1®--- D Xy, where X; is 1-dimensional basis support
and each p € &; satisfies 0 < p < k;.

For generic unmixed n-degree polynomial systems, the
Dixon formulation has been shown to compute exact resul-
tants (see [13]). Here we show that this result is a special
case of Theorem 3.2.

Corollary 3.5.1 The Dizon resultant formulation yields
the exact resultant for a generic unmized n-degree polyno-
mial system.

Proof: A generic unmixed n-degree polynomial system has
an n-degree support, which by the above proposition, can
be expressed as a direct sum of Dixon-exact supports. The
statement follows from Theorem 3.2. O

4 Multihomogeneous Systems

Definition 4.1 A polynomial f is called multihomogeneous
of type (I1,la, ..., lr; k1, k2, ... kr) if

f= anxl x2 :

and p1+p2+--

kr ki _  p1 Pli4a
X", where x;* =z} - ilig

i + Dy, = ki

That is, each block has a homogenizing variable. A poly-
nomial is called multihomogeneous of some type, if it can
be homogenized into such a multihomogeneous polynomial.
Note that a polynomial can be made multihomogeneous in
a number of ways, depending on the partition of variables.
We will call the support of a multihomogeneous polynomial
to be multihomogeneous as well.

Proposition 4.1 If a support A is multihomogeneous of
type (l1,l2,...,lr; k1, k2, ... kr), then it can be written as

A=X1€B---€B-Xr,

where X; is the support of a dense polynomial of total degree
of ki, in terms of the variables of i*" block.

4.1 Multigraded systems

Definition 4.2 A multihomogeneous system of type
(liylay oo by ki ko, .o k) s called  multigraded  if
Vi=1,...,r eitherl; =1 or k; = 1.

Multigraded systems were introduced in [15] as a special
case of multihomogeneous systems.

Multihomogeneous supports are direct sum of smaller
supports as shown above, yet they are not necessarily Dixon-
exact. But multigraded systems are.

Proposition 4.2 A multigraded support A can be expressed
as X1@---® X, , where X; is Dizon-ezact for alli=1,...,r

Proof: When I; =1 for some 1 < % < r, X; is one dimensional
support and hence is Dixon-exact.

Whenever k; = 1 for some 1 < i < r, X; consists of a
zero li-tuple, and /;-tuples in which exactly one coordinate
is non-zero, and has value 1. X} is then a basis simplex,
which is Dixon-exact. O

From the above Proposition and Theorem 3.2, it follows:

Corollary 4.2.1 The Dizon resultant formulation yields
exact resultant for a gemeric unmized multigraded polyno-
mial system.

‘We would like to point out that not all Dixon-exact sup-
ports are multigraded for example: suppose we are given
unmixed generlc po éynomla.l system where each polynomial
has {1,4°, 2,23, 2%y* 2®2, 2%y} as monomials. Clearly this
is not multlgraded polynomlal system, get it is Dlxon exact
since its support is direct sum of 1,y*, z and 1,z> where
monomial z%y is Dixon-interior.

Theorem 3.2 in the previous section is, thus, a general-
ization of the theorem in [15] where it is proved that for
multigraded systems, Sylvester-type resultant formulas can
be given.

As pointed out in [15], there is 7! resultant matrices for
multigraded whose determinant is the resultant. It can be
shown that the Dixon resultant formulation can construct
any of r! exact matrices as well, depending on the order
of given blocks used in the construction. The order within
blocks will change only the monomial multipliers.

Figure 1 depicts the support of a multigraded sys-
tem of type (1,2;2,1), where variable blocks are {z} and
{y, z}. Under variable orders {z, y, z}, {z, 2, y}, {v, 2,2} and
{z,y,z} Dixon resultant formulation yields 6 x 6 Dixon ma-
trix or 24 x 24 sparse resultant matrix from which exact
resultant is extracted in accordance with theorem 3.2.

Yet variable order {y,z, z} or {z,z,y} give rise to Dixon
matrix of size 8 x 8 or sparse matrix of size 32 x 30, hence
resulting in extra factor of degree 2 in the coefficients of any
one polynomial in the polynomial system.

Consider a multihomogeneous system: for i =0,1,2 :

2 2
Ci,00 + Ci,01Y + Ci,02Y" + Cij10 + ¢ 11Ty + Ci 20T



Y

Figure 1: Multigraded system of type (1,2;2,1)

It can be made multihomogeneous of type (1,1;2,2), in
which case it is multigraded, but then not generic, since its
support does not contain all vertices that a system of type
(1,1;2,2) can have, in particular monomial z*y? is missing.
But if this system is viewed as multihomogeneous of type
(2;2), then all monomial are present.

This example illustrates that it is not always possible to
construct exact sparse resultant matrices. The above system
is unmixed, and the mixed volume of any two polynomials
is 4. Hence the resultant matrix has at least 4 rows coming
from each polynomial, to imply that it must have 12 rows
to be exact resultant matrix, and also 12 columns.

The smallest matrix one can construct is 12 x 13. One
can check it by brute force, trying to arrange 4 copies of
each the above polynomial supports on a 12 point polytope.
But even then such matrix is not a resultant matrix. The
smallest we came up with is 14 x 14. Dixon matrix is 5 X 5
and has extraneous factor of degree 1 in coefficients of any
one of the equations. Note that Macaulay extracts the exact
resultant in this by finding sub-matrix whose determinant is
the extra factor, and hence the resultant can be retrieved.
But the question in general whether there is always such a
sub-matrix is still a open question.

5 Bivariate Case

In this section, we discuss the case of d = 2, and give a
precise characterization of when the Dixon resultant formu-
lation leads to exact resultants and when extraneous factors
are generated.

Let {a, 8,7} be a simplex in two dimensions. We will
associate with it, the following two determinants:

d 1 wamyay xﬂmyﬂy x'meAY‘y
|Ot,ﬂ,")/| = Hf._m. Tamyay Tﬁmyﬂy T’me’h/ ,
i=1 """ ? Eamyay fﬁmyﬁy E‘me’m
1 ar oy
2 Vo'(a:ﬂ,’)’) = 1 ﬂﬂi B?]
L v

In the expression for |a, 8, |, the total degree in T, z is az +
Bz + = — 1, and it is the same for 7,y as well. To simplify
the analysis of the monomial set of |o, 8, y| and without any
loss of generality, substitute T = 1,7 = 1.

Consider a support A = {ai,a,...,a,} and
min;(@;)e < m < maxi—;(a;)z. Consider the following
two maps: ¥, : N* - N? where for a = (as,a,) € N,

w.z_=m ((am,ay)) = { (m’ a’y) Az > Mm,

(am’a!l) Az S m,

Figure 2: ¢y=,» Operation on support A

and also

d)::m ((am,ay)) = { ((Zzzz)) Zz ; z’

See Figure 2 for an example. These maps can be looked as
maps on individual terms, where

+
Yo () = xEn®),

or even on an entire polynomial, in which case 9 is applied
to each term in the polynomial.

Let A~ = 97—, (A) and AT = ¢}, .(A). Note that
A™ = Sx(¥3—m(Pa)), where P4 is a generic polynomial
whose support is 4. Abusing the notation, define for any
a€A a =Y_n(a).

Note that Sc(0 4-) = Sx(¥z=m(0.4)) even though 6 ,- #
Ya—m(6a). To see this, note that the above map ¥;_,,
will result in “splitting” various determinants in the Dixon
polynomial (expressed using Proposition 2.2). It thus suf-
fices to consider one of them. Below, we assume that
oz <Pz<m<y,and A=(1—-2z)(1—y).

xazyay xﬁ’m yﬂy = y')‘y
yo‘y yﬂy y’Yy =
1 1 1

>l

xOWyOt'y mﬂmyﬂy mmy’}‘y xmyay xmyﬂy :L-’Yzy’Yy
% yo‘y yﬂy y’Yy +% yay yﬁy y’fy
1 1 1 1 1 1
which splits into two disjoint monomial sets, since in the
first determinant, deg(z) < m, and all monomials of the
second determinant have ™ as a factor. In the expression
for the Dixon polynomial, these determinants are divided
by (1 — z)(1 — y), after which in the first determinant, the
degree of £ < m, whereas in the second determinant, the
degree of £ > m.
The following two identities hold:

® 04 =1v;_,(04) + ¥, (64), hence
Sc(0a) = Sk (64-) U Sc(04+)-
® Sc(04-)NS(04+) = ©.

We can also split the support on y. Define a map

Yyem ((az,ay)) = { (az,m) ay >m,

(az,ay) ay <m,

for a = (az,ay) € N°, and also

_J (az,m) ay <m,
¢;_=m((am,(ly)) - { (az,ay) ay > m.



Figure 3: ¢ ==2 Operation on support A
y=2

Below assume that ay < 8y < m < 7y,.
1 1 _ 1 —
xlabrl = v 7" B + T T ey |

where o' = (az,m), 8 = (8z,m) and 7' = (yz,m). By a
similar argument as for z, the two determinant in the sum
have all disjoint monomials in y.

Maps w;t:m can be viewed as partitioning maps for the
support of the polynomial system, as well as the support of
its Dixon polynomial in a same way as w;tzm. To make w;tzm
partitioning, we had to premultiply individual determinants
in above expression.

Two maps 1[);t:mm and ¢§E:my can be composed together,
and the composition is commutative. By ¢;: 5 we will de-
note ¥_, o %, _s. See Figure 3 where the polytope is first
split on £ = 2, and then each resulting polytope is split
again on y = 2.

Given a support A of a polynomial system P, we can
apply ¥ map on every point belonging to the convex hull
of A. After partitioning A into the smallest polytopes (i.e.
when they cannot be partitioned any further), each resulting
polytope can be shown to be Dixon-exact, and hence the
sum of the volumes of the smaller polytopes is the number
of monomials in the Dixon polynomial.

Proposition 5.1 A point p € A is Dizon-interior if there
exists a,b,c,d € A different from p such that

{ay,dy} <py < {by,cy} and {az,bs} <ps < {ds,cs}-
Proof: Since for all maps ¥i_,. (@ = (pa,py), for
y=py

q € {a,b,c,d}, the presence of p in A after partitioning is
irrelevant, i.e. it does not influence the size of the support
of the Dixon polynomial. O

As should be evident from maps 1), Dixon-interior points
do not contribute to the support of the Dixon polynomial,
and hence the resultant. When ¢ map is applied on the
support as much as possible, Dixon-interior points in the
support will be overlapped by other points in the support.

An analysis of how the map 1 changes polytope volume,
indicates cases when the support of the Dixon polynomial
has more monomials than the mixed volume of the poly-
topes, and hence cases, when the Dixon resultant formula-
tion yields extraneous factors.

Definition 5.1 A 2-dimensional simplez p = {a, 8,7} is
orderable if B is strictly in between a, 7 in every coordinate.

Proposition 5.2 A simplez p = {a, 5,7} C A is Dizon-
ezact if and only if it is not orderable.

Proof: 1 map preserves the number of monomials in a Dixon
polynomial. A simplex whose volume is not invariant under
1, has more monomials than its volume, and hence, is not
Dixon-exact. Conversely, if the volume of a simplex is in-
variant under v, that simplex is Dixon-exact.

Without any loss of generality, assume that a, < 8, <
m < ve. Let p~ = ¢h;_m(p) and p* = ¢F_,(p). Then

1 a; oy 1 a; oy 1 m o
1 B By |=|1 B By |+|1 m By
I v v I . m vy I % v

which is exactly 2 Vol(p) = 2 Vol(p™) + 2 Vol(p™).

It suffices to show that each Vol in the above expression
has the same sign for any value of m, and hence volume
is invariant under 1. At the same time we will derive the
condition when volumes have different signs, and hence v
does not preserve volume.

Suppose that one of the determinants on the right side
has a sign different from the sign of the determinant on the
left side. If the first determinant has a different sign, we
can look at the transformation from the left determinant to
the first determinant as a continuous function. Hence, Jw
in m < w < 7, such that

i %: (gz =0, ie, (Bs — z)(yy — By)—
L w (w—B2)(By —y) =0

Note (8z — @z) > 0 and (w — ;) > 0, yet for w — m, this
changes the sign, implying that v, > 8, > ay or ay < 8y <
7y together with a; < 8z < ¥z.

If the second determinant on the right side changes the
sign, then there is w1 < wsy such that a, < w; < m and
Bz <wz < m, and

I I
1 v vy (Y2 —w2)(By —ay) =0.

Both wy — w1 > 0 and v, — w2 > 0; as w1 — m, there is a
sign change, implying oy, < By <y or vy > By > ay. O

Proposition 5.3 Let support A = {a,B,7v,d8} such that
gy < Bz < vp < dz. If every simplex of A is Dizon-ezact,
then A is Dizon-exact.

Proof: It can be shown that
o, 8,71 + |, 8,6 = 1B, , 8] + |, 7,6]  and
Vol(A) = Vol(a, 8, ) + Vol(7, 8, 6).
Since each simplex is Dixon-exact, A is Dixon-exact. O.

Proposition 5.4 Let A" = A — 14, where 14 is the set of
Dizon interior points, then A" and hence A is Dizon evact
if every simplex of A’ is Dizon-ezact.

Proof: From Proposition 2.2, Sc(6.4r) = U,c 4r Sx(|p1p2p3])-
Call two simplexes p1,p2 disjoint if Vol(p1) + Vol(p2) =
Vol(p1 U p2). Let T4 be the set of disjoint simplexes of
A’. Below we show that

Sc(Ba) = |J Sc(lprp2ps));
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Figure 4: Complete partition of support .4

from which the statement follows.

The above is true when |A'| = 3 or 4. Using them as
the bases, the proof is by induction on |A'|. Assume that
it is true for a support of size n, and let |A'| = n + 1 and

A =9U{q}.
Sc6a) = | Slorpaps) U | Sellarbral).

p€ETQ a,beQ

If |a,b,q| and |a, b, c| € Tg are not disjoint, then |a, b, g| can
be deleted since |a,b,q| C |a,b,c| U |s,q,c| where s € {a,b}
by the same argument as in Proposition 5.3. Hence only
disjoint simplexes need to be considered.

Theorem 5.1 Given a generic unmized polynomial system
with support A, A not including an orderable simplez is nec-
essary and sufficient condition for the Dizon formulation to
compute its exact resultant.

5.1 Example

Revisiting the example in Figure 2, after partitioning the
support completely we get the set of supports shown in Fig-
ure 4. Note that each support in the partition is Dixon-
exact. Their total volume is 19, and hence there will be 19
monomial in the Dixon polynomial. But 2 Vols(A) = 18,
hence the Dixon matrix will yield an extra factor of degree
1 in the coefficients of each polynomial in the system.
After applying ¢z=§ on the support, the total volume is

still 18. It can be seen that the extra monomial appears in
A™F which results from points (0,0), (1,3), (3,4), which is
exactly the case. Proposition 5.2 predicts this condition.

6 Conclusion

In this paper, we have identified supports of unmixed generic
polynomial systems for which the Dixon resultant formula-
tion computes exact resultants. The main result is a gen-
eralization of the results reported in the literature about n-
degree generic unmixed polynomial systems as well as about
generic unmixed multigraded systems. For the bivariate
case, exact analysis is given whereby it can be determined for
which unmixed generic polynomial systems, the Dixon re-
sultant formulation computes exact resultants, and because
of which monomials in an unmixed generic polynomial sys-
tem, the Dixon resultant formulation produces extraneous
factors in resultant computations.

We are exploring ways to generalize the analysis for the
bivariate case to the general d-dimensional case.
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